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PART 111 | .

’ Sheel'MetaIIGirdersfwith'Spdrs ﬁééistant to Bending\~
The Stress in Uprigates - Diagohal Tension'Fieldg

i _ !The actually occurring'fOIm changé'is of course not iden-

R

&

. June 14, 1929, pp. 281-284; and Vol. 20, ¥o. 12, June 23, 17

',tiqai with our arbitrarily assumed one.,. The principal differ~

s ence niay he the clange in gpecifie nuwiber of wrinkleg from di-

Tection x to z, go that b and,_according to equation (29p)

(See Part I -.Technical‘Memo:andum;No. 605, pPage 33), f, be-
come variable in direction g, Hereover, it seems likely that

b and r ihcrease from the edge toward the center if the sheet
18 infinitely thin, |

The work of deformation 4, actually broduced 1is, however,
-eertainly less (equal in the limiting case) than in that arbi-
trarilylassumed,vand st therefore (Oompare eq. 31, Technica1~_

Memorandup No. 605, page 35), equal Arin. Buf from thig 14

follows (eq, 3la) that thig actual»deformation'is under. constant

tenaion}épress g ;.%5 E=¢ B gang that there &re no additional

- 8¥resses of finite magnitude in thig zone; that ig, ~Ogk and

[ — - . - - '~ .., .._...—w
*"Thene Blpohwandtrﬂger nit sehr dﬁnnem,Stegblech." From Zejt-
schrift yyuf Flugtechnik ung Mqtorluftschiffahrt, Vol. 80, wo. -1,

T
Pb. 306-314., For Parte I and II, sae J.4.0.4. Technical 1
- dums Fos, 04 and 605, .

SRl -
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} O. Tow :~oqk wwand c = E were precisely the two fun—

«damental aesumptlons for calculaulng tho diagon&l tcnqlon flelds.

;! :The Odlculation of the work: OL dcformatlon for the arbltrarlly

‘chosen defornatlon presents no dlfflcultles, and we ' can paoq to

: tne boundary - E»E~-mao Seloctlng the dlmen51ons Wthh charac-

terize tnc attitude of the ;orm ohange in the llmlting case ac—

[ ,cordlng to 1nequation (32d - @cchnical Mcmordndum No. 605 page
o g

38) then yields A = Anln-

We bricfly indicate this oalculation Lor fne cago of ob-

‘[J lique wrinVlos, and for %hat puroose rcsort to Firurc 33, which

shows & shecet metal blrdcr With x and y as the coordinates of

the plane of the sheét. Uppcr and IOWLI spars arc to be paral-

: 1el't0'axis x. The lateral edge momobrs aro conslderod very

- far apart and not within thb ranwe of our OOﬂslderatlon. Now

we subject the spdrs to eloqgatlon 'cx5‘ in the dlroctlon of x ,
,vand ralsc their distdnoo in dlrecblon y by h €yo. In additlon,

' We shift ‘the upper spx; by h Yo to the right with reupect to

' the lower rpar. Thls cauees the shaot to wrlnklo, its componoents

':vunderwo dlsplacements ¢ in dlrocbion 1x',and dleplacnmonts ul

E ,;1n direotlon y and hulge by ¢ out: of thu ori inal plane of
]the snoet : o . SR v

_,vﬁow the deformations of *hc arbltrarily chosecn form_chaﬁge
iiaro defined as: |

!}.

€xo X F Yo ¥ 4 %~9'¢2[ain 2 e (x -y cot &)J

'c&o b ”.% e ¥? cot o sin [3 o (x - v cot o)

1

P cos [e (x - ¥ cot a)]
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v

where @ = angle of dircction of wrinkles,

e = ﬂ;ﬁ%nmg (h = hdlf width of wrinklo)
P == depth'of wrinkle in culminction noint.
We select ¢ in conformity with the discussion for Ficure
33, V¥ith . as the depth of the wrinkles in the mean range of

3
§

the shect, we write for the shect restrained at the edge:

¢ = % f[l - ©OS %?] within range of "z = 0 to % = T,
¢ = f within range of z=1r to z=h - r,
¢ = % f[1 — cos -U-(,Eﬁ}ﬂl] within range of gz = h - =z

to z = h.

Then we compute the Work of the form chinge 10T a conpo-
nent of bapc dy dy (for example, according to ngpll Drang
und Zwang, Vol. 1, 1930, pp. 130 and.154).  This vork,consists
of ~bending stresses and the mean stresscs in tonsion @ndvshear,
so the total work is integrated oﬁer the entire area. of the
sheet. It ig advisable to integrateifirst in direction x
and then‘in‘direction y oonformal to the thxoe ranges.

Aside from the given dimensions of the sheet and the three
Quantities € €0 and YO defining the deformation of the
edges, the cquation contains only the four quantities a, b, f

and r, which characterize the wrinkling. 8o a partiagl differ—

entiation of the work of form change yields only four eQuations.

: 82 , .
For E he >0 these equations are complied with when
1) every ratio of %, whiciy satiafion (83), da Vikewiae
conformavle for cvery finite % for inustance,

=
i
=
3
3




4
]
i
|
é

*Jee equations (4), Prrt 1

oy e

4 - N.ALCLA, Technical Memorandum No.?GOG-

3) tan 8 a = «~m419~f_
o %x0 ” fyo - o
242 ~ , L o
) am T _ o0y Y e i
) n 4= (m l) gin 2 a (m j')(exo + Cyo)’ :
b (
4) T = 0.

This is in nerfect sgreement with (4) and (R9b). *

The number of wrinkles or their exact fo ‘moare noticylcus

lated, since tbat i1s of no particular 1ntcr“”t to us.

~1s estential that the wrinkles in infinif@lyfthin sheets ar@

‘such tunt our fundamental'assumptidnd”(partidularly ~Oqy = 0)

for the whole range of the sheet, with the exception of the
edges, be correc t, and that Oy Venishes in the infinitely -
thin suect

Now the assumptions waiich we made previously, constitute,

in fact, the exact theory for celculating the stresses in in-

finitely thin wrinkled shcets when it is a question of defining

these stresses within the fleld. [The deviaticns at the edges

are of fihite'magnitudo, although we anre unsble to give acourate

data on their behavior. But, owing to thé'infinitoly small

Tange within which thesc deviations oceur, and their oo¢respond~

.

ingly infinitely littlc work eof foram chang@, their effect on the

amount of form change in the girder is zéro, regardless of
whetiacr the shect is restroined at thé edge or simply freely
supportoed,

Accerding to ex@erimentmvnow Vrln’lL° iﬂtcr”)uvg thoem-

selves on the cdges, so that thurb . are more vuiq x1¢s on the

o s g ot B e e T e sttt . . e st e e i

~T.M, To.. uO”, p"”@ 195 and cquation
p ;

2. 33,

(89b), Part II, T.I. Mo. 805,
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edges than 1n the mlddle.. In thlu Way the déptA of thu wrlnklcn‘
decroaucg tOWdId the cd&o without cif otlng llke 1nvrease in
cro s stregs .dqﬂf It 1» only at the ud? 1t,ali tnat thu
stresses parallel to the spar (aside from 2 ”%£~—9) equal the

stress in the Spar.
Determination of Experimental Errox

Now we figuro back from the deformations dctefmincd by
‘test, in order to cee the cxtent of applioability of our as-
Fsumption qd = 0 to practical cases; then we compute %

Frow (Fig. 7 of my Teport glven at Danzig, Jahrbuch 1928,
der Wissensohaftliohen Gese llschaft fir Luftfahrt, p. 115,)
‘the width b of a wrinkie with respect to its length 1 and
‘girder height n can be measured quite accurately. In the
left panel we have |

1= 18 (n length of wrinkle fronm upripght to upright),

b = 32,8 |

s/b = 0.0089, !
8 = 0.085.

In addition:

it

E = 700,000 xg/cm?

G = 2,400 " consequently € = 0.0034

¥
4

1,800 " €y = -0.0003

Q
it

- 300 " " = ~0. 0004
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Equation (28) yields:

2

I ) =~ 46 ke/om®,

gk = - T E(

=lo

which is only 2 per cent of o

doreover, the denth of the wrinkles ig not nerfently con-

stant, not even in the center.  The tension strese o of the

Nan

plate Liber Tunning in the culmination line (Sention 1, Fig., 34)
calls, on account of the curvature of this fibver (due to equi-

librium of components acting pernendicular to the sheet), for g

'

compregsion stregs GqD perpendicular to.- ¢ (hence in dircotion

of ~ @ . ) vhich ig computed at:

qQx
o

Oz and o0y are the radii of curvature of the wrinkles (Fig.

34), Assuming the wrinkle in section 1 of Figure 34 to te pure

sinusoidal, (¢ = f gin %ﬁ), the value for 94D is surely too

high:

b
OQD = woF )
and with our figures
Oyp = = 2400 X 0.024 = - 58 kg/cm2. :

aD

80 %p 17 certainly lower than 2.4% of g, For total cross

stress ve hinve gt the Liioheot
- . e /e ®
cq i oqk + %p = =~ 104 g/ o R

that is, 4.4% of o,
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i

Conforming to the equilibrium of ‘the inside with the out-

8ide stresses at o cut through the shoot Wall parallel to the

uprihts we must haves

> Gq -+ Oz =N';‘3'Qt

For this case equation (9) vields

Values which are about 4 per . !

8 ' cent too high for o. Ir We take the highest stress 1 g

[w]
decisive for the stress of the

material, it nevertheless indi.

cates the material stress correctly, becauge

T ::i.-J:.o' —.b’ .
500 ~5y)
*
Now we define the stress in bending. Equation (3c) yields
for ‘
€ = o € 4 ¢ N = . . -
q + €y ey 0.00861,

and (29g);

———— + v

<

= 2 0.0061 - Eiﬁ‘x 0.0034 —~ 0.0000 = 0.045

o ol

= 0,136 cm.
So with (30) we obtain:

2 : ‘ )
o, = i\g% L 0.0089 x 0.0045 = * 1400 kg/cm?,

The stress in bending is now more than half as high as ¢ ,
causing the material to reach its yield limit sooner than our

calculation with o calls for.

The clonzation in direcction gz is the same at I and o7
(Fig.}54) 50_that the stress o in direction z._Cchunces by
*Sec equation (5o), Fart I, T. . Wo. 604, page 32, '
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%'Ob at thesc points, that is, o decreases at I and increases
at II. With m = 3.3 ’

Op = 2400 - % 1400 = 1980 kg/cue,
911 = 2400 + = 1400 = 23830 kg/oma.

To illustrate the effect of o on the stresy in the nat e

rial wo discuss two liniting cages:

S

1) The greatest elonzation ia to be decisive for the gtress

"in the material. Since, as we just stated, the bending strc

ol [VERIS

Op has no effect on the elongation in direction z, the wrcduced

BtTess o, = 0 = 2400 ky/om2. There is no ch

.
‘.

ange in material

) The higheet sheoar stress i to bte decisive for tho stw:

ARSI
Ll oan

in the wmaterial., T maximum occurs at point I and amounts to

=

he
Mo m.§(§i +0) x-%(lGSO *+ 1400) = & x 3360 kg/cu®,

[

as against Tmax = % X 8400, if Op = 0. According to thigs the

yield 1limit is resched nt I, while the tension o  amounts to

only 70 per cent of the yield linmit,

The difficulty in bringing out the premature rcach of yield
. limit by tests ig obviously due to the small range within which

the astresascs becone appreciably higher than the simple theory

[0 g

definue,  Then it may be due in part to g higher yicld Lisis 1w

the outer layer of the heot, or to tho nprlehts whioh to

Ty e

With'tho.mpars have u boxlike cofiect 1o a certaln desree, nnd
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thus reduce the Cross section in the prlate. It is also possible

that our assumption of Tmax &6 decisive for the nmaterial strese,

was, after all,

perhaps allittle too unfavorable for our case.

We again repeat that the theory developed for the diagonal

tension field simply postulates that 0y = 0 and that ¢ = % ;

we do not presume %, to be very low. Hence, stress g calcu~

‘lated on these premises yield the exact mean tension stress

(the mean formed over plate thicknéss o) regard

legs of the rel-
atively high oy.

. Horeover, it should be noted that o 18 presumed to be

low only when the plates are actually thin compared to their

——_— other dimensiong. Even if the stress, at which wrinkling sets

in, is not materially below the yield linit (not lower th
1/60 of the yield limit, for instance),

an

the plate soon reaches
this critical point, after wrinkling.

Ag 8—»0, O  diminishes very slowly like aK—e and can

actually be counted upon as being very low for ve

Ty thin plates.
Lastly, we exs

oriine the differences in tension stress g,

which result when the sheet fiber running in the direction of

the culmination line of the wrinkle is stretclied more than thae

fiber which (almost) remeins in 1%s original plane. Again,

assuming the culmination line as sinusoidal, the comparative

elongation in.thig line is
AN
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greater:than'in?the fiber rémaininggih;i#svinitial plané; Hence
we may presume thaf‘th@ fifét stretdhes*Ae more and the othér
Ae léss than € == %, 80 that:
Ao =Eb0 € = 43 kg/on?,

vhich 1s not quite 2 ver cent of o.

In the center of the field the actuelly prevailing fluc-
tuation in stresé_is presunably leas than the calculated figure,
but certainly hisher at the edge, although no marked deviations

from o0 are to be anticipated even at the edge.,
Excecding the Yield Limit

Hirc we merely consider the case of the web nlate when
excecding the yield 1imit. We have already stoted that, prior
to reaching this limit, the material begins to break down at
different places, due to the local bending stresses Op+ But
owing to the limited range.(if the bending stresscs becone at
all noticeablc) they have no effect on the deforuations of the
whole girder nor on the ricon tension stresc o,

Only when o itself reaches the yield limit; does the
stress show a slight chonge. Equations (4), (5) and (18) re-
main, in so far as they represent relations between a, B, Y,
€ €, €y, €y andev, apwlicable,  After exceeding the vield
-~}

Limit in the web ninte e prepondevates over € ond o«

and we approxiuate o = 459 (a = B/2) and vy = D e, Now
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when ve vrite thesc valueg in (9) and (18) we have for perpen- -
dicular uprights |

o hs

and

g ::B—Q‘ cot B/B

hs

for oblique uprights. For the first type this agrces with (13a),

but with a = 450 we have!

.‘ | -V =

ST

So if the dimensions of the web plate arce such that %hc yield

L 1imit is exceeded by ultimate load, equation (13b) isg inappli-
. cable for computing the uprights, or the V values would become
too low.

Oqk dedréaéeé after the yield limit has been exceeded, so
that thc}assumption OQk = 0 applies now even better than before
exceedihg the limit. The bending stresses Oy, &as well as the
fluctuntions in stregs Ao disappear, and so have no e¢ffect on
the ultinate load., If GB is the tenring strength of the sheet,
the ultinate load QB of the Wéb'plate is always computed at

1, p
QB 5'§?E hs tan B/2,

providea, the box e¢ffect of the uprights is snall.

R ey




N.A.C.4. Technical Memorandum No. 6OG

“General Diagonal Tension Ficlds -

Transversc Contraction

ra

The rectangular, very thin unstressed sheet (Fig, 35) ip’
defoimed a8 follows: we subject the shect in the dircction of
_aXiw n - to a constant transverse contraction gcqo, or in
other words, produce wrinkles in the direction of axis z.

Now we apply tcnsion stresses at the edges B these
Di X . o) )

stresses to increase linearly with n in dircction n:

A do
0= 04 + 5= n.

dn
The result is an(infihitely‘small) curvature of the separate
fibers of the sheet (compare equation 3a, N.A.C.A. Technical
Memorandum No. 604, Part I)e But gince we agsumed %% =
constant, the curvature of all thewe fibers is the sane; so -

the distance of two much edjaccent fivers remains constant,

hence transverse contraction = = ~ € YTeamains constant.

- Then we nutject the sheet (Fig. 35) to an identical transver.e

contraction Neho,

the edge in direction . But now ‘they are to increcsc ir-

and again apply tension stresses o at .

regularly as indicated on Figure 36. The curvature radii

1 - . I g ol
-0 = % %% (compare equation Ba) of the individual fibern

ranning in dirvcetion ¢ are new Aifferent (see Fi-. BG). 0 T
fibera, originglly exactly in direotion Z, Al now exacblr

perpencdicular after the deformation.
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If we took corve Whern apnlying tension stress o that the
transveras contraction rempined unchanged at the edzes, (that
is “qu) the contraction ~€q in the niddle Tange of the sheet

mist now differ from the OTiginal . ¢ This meang Lower »%

qo°*

C beciuse here the Tibers are 1arther apart than gt the edme
at D the contraction is now preater than =0

Tius it will ve seen that the transverge contraction ig
capable of changing along a wrinkle and may  asoume ext1ome
(maximum or minimum) Values even in the middle unge of g Wiiakio,
S0 When wo define the Validity of inequatiop (2), (sve Part I,
N.A.C.A, Technicnl tlemorandum Ne, 604,) it maat inelude the wholo
Tange of +the shect, not merely the edges,

Rut i+ hay oceur in g sheot with relatively low “an
(Fig, 52), that inequation (2) is satisfieq at the edpes but ot
in the dotteq fange around ¢, iy which case our assumptiong
Yould hive to pe disregarded fop othen morc.comﬁlicated onesn,
But in our furthoer divcussion we consider (2) to be compliod wish
in the Wi ol e rangze.,

Ficore 36 showg o constant andg ~g{ variable along the
wrinklos, consequently the depth with Lespect to the width of
the wrinkle mist vary alorng itg length according to (29%) (sec
Part 17, ToAOLA, Tochiing Muhnrnﬂ&nm Noo €05); the wrinkled
sheet g centa e developalrle AULTace and it owmay e [REIEETIT
that t'¢ gheet Viould resint tnig tyne of wrintoidge

be proved that in gn infinitely thin chect wity very (ireieg )
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low depth‘of wrinkles this‘résistanoe to wrinkling disappearsk}
even in this case, so that our presupposed deformation attitudé’
yields the least work of deformation.:

Now we subjecct the sheet in Flgure 37 to a transverse
contraction "eqo’ after which we again apply tension stressces
O, which on the left we allow to increase linearly up to the
center, and on the right fo decrease linearly. In the center.
itself %% is unsteady, that is, g:g ls infinitely great. |
When we plot the fibers running in d?redtion z after the
deformation, we find that the two fibers infinitely close to
the right and left of the center Would have to intersect after
deformation. But this is not actually possible because the
connection of the sheet must be kept intact; these two fibers
must, in fact, run paratlel %o the center line. The fibers
originally in direction 2 near point M can therefore be n9'
lopger exactly perpendicular to the sheet edges after the def-
ormation. Thic means there must be shear stresses acting in the
direction of and,perpendioular to the wrinkles, which effcet this
change in angle. Our basic assumption of gzero shear stress in the
direction of the wrinkles no longer holds true in'the range
around point M, and we must presuppose that the edges are sub-

jected to steady deformation
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General Stress and Deformation Attitude of a Tension Diagonal

 We resume our earlier discussion on thé‘attitude of stress
in a diagonal tension field. Figure 38 shows a plate strip be-
tween two stress trajectories which we call, for short "tension
diagonal." Axis gz iS'plaoed'inithe,direction of the strip.
At '2'= 0, that is, point: i, the width of the strip is given -~
ift, = dny.  The angle formed by the stress trajectory passing
fhrough M with the x-axis paséing thiough X, we call a.
The stress trajectory paseing through 1, forms with axis x

& G

the angle «a +-3bm-dnm, walch usually differs from a; the
41

aiugle of the two stress trajectories enclosing the strip is
oa dn.. .
dny T

Other given data are, the nrincipal tension stresses O

in point M and _
my = Op + §¥i;dnm - (34)
in point M,. |
First we define the width dn of the tension diagoral at
z (point P). We obtoin

dn = dny (1 - z éﬁi} ', . (35)

8ince the term z"g%i Tecurs many times in the subsequent cal-
culation, we abbreviated it to r, 80 that
r=g 9% (56)
| . oDy -

where, of courase, vie .ust always bear in mind in the subseguent
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differentiations and integrations, that r ie a function of - z.

Consequently, equation (35) becomes now

dn = dny (1 - 1) . (35a)

Then we calculate the stress attitude of the tension diag-

onal. In conformity with the freedom from sources in the field

SRR Y

of the principal stresses (Sce Part I - Technical Memorandum XNo.
604, theorem 3, page 11)
Om dny = ¢ dn - (37)

is valid, that is, with (35a):

1
0 = Oy o7 - 37
m 1 T ( a.) . (
Now we compute ggw so that (38) yields: 5
vz ‘
§r
ég. = ....«..Q.E,,___z_ - O fa)ed o1
0z S G Ban, (1-z)°

In particular, we obtain with 2z = C and r = 0 for point M

(gi)
/gm0

‘Then the stress becomes

n
Q
5

@
S

nlanm

1 3n n

in point P, . Taking into account the infinitely small terms

~of the first order, we obtain
01 dl w5 Oml d.nm

o Y ,
Then we make o0, — 0 = 3n dn (Fig. 38), that is, with the pre-
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i

ceding ecuation

30 W@ Aoy
an dn = 0, = 0 = Op, T~ O

and obtain with cquations (34), (37) and (35a):

A9 . 3% _ __ —]:*‘w ( 39)
an  an, (1 - 2»)°

Now 0 and its derivations conformal to =z and n are known at

every point of the tension diagonal.

[ Wi th
L o
, € = =, (39)
: B

) . Lo S

o ' that is, particularly when, for example,

- a

it becomes apparent that all these equations ﬁre applicable to
the elongations, providing we write ¢ instead of o,

Now we calculate the form into which the originally straight
fiber which passce through I land cdincides with the stress

trajectory changes when subjccted to the discussed tension

stresses. We emphasize that this form depends only on those

tension stresses, but not on the trensverse contraction.
Beginning with the increase A, 1in the distance of two

~points O and U (Fig. 39) caused by tension stress 0 and elon-

gation ¢, equation (37a) yields:

£ < Iﬂ
>\z e f € d g = f e (L Z,
oy T




Assuming the fiber to be fixed in K

tortion in this point (33) and (35) yield

18 T.A.C.A. Technical ilenorandum Xo. 608

and equation (38) yields

€. 1 -z
Ny o= B S -
z @.9.. 1n 1 RS (40)
d nim
when T, = 2z, é-%i , etc.
1

_ _Em 1 T, '
5 in g | (408,)
d Dy

Conformably to equation (2a) (Part I ~ Technical ilemorandum

No. 804} the fiber curves. IT v is the displacement of a

point in direction n, ‘caused by the deformation of the fiver,

equation (2a) yields

535 B a€
2z 7 T 3m g
“that is, 5 5 i
v €
— —— 22 P-viioiy d.Z
oz on

80 as to preclude all dis—

o€
vV O nm r

~9P - 90m T (41)

'Z da 1 - p

e

5/ nm

Q.

oV

- 37 is the angle formed by the tangent to the fiber in
z

a point F  and the tangent to the fiber in point M.

A second integration of (36) yields
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z,av’,_ 1 ,

-V =~ ) 22dz =D [1n (-m~«>'~ r] (423)

: 0 o o |

which is briefly written as

B R T e | - (42a)

R T I L T e S e A P e e

axpprs: i

NQW we know the form of the fiber in the sheet. But for
1ater purbosés we.presentlthe data in somewhat different manner.
We assune tae two p01nts O and U of dur‘ténsion dia”onai iso~
lated and oopnected by a straignt line; then let W represent
the distance of a p01nt on the plate fiber from thls line. But
we gilve the resulf of thie simple calculation in a form addpted
to our special care of sheet metal gircder, ﬁaﬁely, for  Zo T o= 2y

(Fig. 3%a). With equation (43a), we have:

LV Zoi (AEEY) __.,_1___]
" D%ln(l__rlz>+8rl (1 ) 1n<1“r (43)

| I | . -
Then we calculate angle 5%5 particularly at point O and U.

We obtain
o¢
LA . Ofm L Lot n 1A (44)
,‘ 2oy 2% |1Fnm o 2n 1-1/ .
’ anm

where the upper sign is valid for point O and the lower sign
for point U..

This defines the stress attitude of the tension diagonsl
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and the ensuing*fofm of the}diagonal, st11l leaVing the elongaw
tion attitude. The elonéations € in the z direction are already
known from the stress 0, and our problem is to find the eloh~
gationé perpendicular to it, namely, the transverse contraction
~ %- We could again assume the transverse contraction - €qm
at point M and its derivation aocording to 2z as given and

compute with these data and the given stress attitude the con-
tractiqn at. the other points of the”tension diagonal. But we
prefer to use another nethod, which supplies the result which
conformsfbetter to the ordinarily known limit equationsf We as-

sume the transverse contractions ~&o and - €y in point O

and U given and then‘define the contraction -~ €q at a point
2z by applying stresseas. _ ﬁ
Figure 40 shows the two adjacent plate fibers in unloaded
attitude as dotted lines. Their distance at 0 is dn,, and
ét  U, d nu.' ¥aw we increase this distance by .4 no €po and
and d ny €qu- The result at z isva raise in distance d n
amoﬁntingzto d n . ' For our special case Z, = - 2z, (36)

(that is, 1 =z -2% etc.) yields
' : d ny :

.‘ c . - ‘ - 2.
0n f9) o . fa0* fqu, fao = equ T -7, (45a)

dn ? 3 2 (lL-~1)n1

Moreover, the distonce of both adjacent fibers becomes
greater, because these fibers can bend differently, that is, by
By = U (Fig. 40). It is

L. Al - -
M= b= 3% dn = (eg €q) dn
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Now equations (45@) and (35&) yleld the whole transverse contrac-

t;on, as . v
€yn F - € - r?®
~eqg - T U _ g0~ fu T-rn® 1 3 (450)
9 2 R T (1 ~-1) " T1 3ny
where for Egg; from (43), equation (42a) yields:
m
A W 3D D Fa .2 - 73 . ;
e + S e e % 45¢
dny D 3ny 04 3 (1 ~mz2) (1 -1) ( )

d Ny

To prove the real Bignificance of our considerations on the
stress in the tensién diagonal, we must check the validity of
inéquation (2), Part I (Technical Louorar&um Po. 604, page 7)
at 0 and U, and whether - €q ~ % assunes, perhaps, a mininum
along tiis tension di& ronal, a8 well as whether equation (2)
(Technicel Hemorandum Ho. 604) is'equally complied with at this
point. | -

We know the clongations in direction 2z ard n n, and angle

g% formed in a point P by the two Tibers running originally

in these fwo directions with the flUCIS of noint I ruaning in
‘these direotions. Then we calculate the elongation ¢q at point
P eeccording to a fiter running dt erbitrary angle a, to the

z direction (Fig. 41), and the .distortion Yo of this fiber
through this deformetion attitude relative to the direction of
the tension dlagonal in point P. These questions were di cusged

in Part I (Compare equation (3a):
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oreover, if for point O and U, aside from €, and ey
we know elongationﬂ‘eaov andu'e“u in a second direction, which
forme angle @y ond o, with direction z, the above equa~

tione yield upon climination of €q
Y %g = 0ot Ay (eg = €qq), for point O (46a)

Y ay = cot oy (ey - oyl " " U (46b)

Now we shall add one more consideration which at the same
time serves as a sort of introduction to the next paragraph.
Figure 43 shows the discussed sheet fiber in its original posi-
tlon as well as a line 8, going through point 0, which to-
gether with the direction of the fiber forumg an angle'}ao.
we subject the sheet to stresses, the two points 0 and U as-
sume o new position, say O; and Up, 80 that the line connect-
ing thesc two points is distorted by an angle &. Being
stressed, the line g, also shifts to a new position gOI and
the problem ie to ascertain the amount of angle wb formed by

8o and goi. With our previous designations (Fig. 39), it bve-

cones apparent from Fipure 42 that

(180 ~ a,) + O’ =6 - (a“\ + (180 - ag) + ¥ a,

80 that

and az distortion of a line gy through point U

= 9 - (OB +y a A1)
“u 3 (az) U (46:

When

SR isnaenasand b oyt e et 5

S Sl e oy e
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and WGU conform to équatiors(46a) and (46Db).
Boundafy Equations .
Example: Sheet metal girder with parallel spars
not rigid in bending
The girder in Figure 43 is assumedly constrained at one
3ide and subjected to o stress Qy with‘the ensuing deforna-
tions as shown in Figure 43. The upper souar is under compres-
sion, and the lower spar subject to tension stresses; the whole
girder deflects. The deformations caused by the cross stresses
- change the stressed skin into a diagonel tension field; as a re—
sult of the tension uiresscs on the Bpars, the latter buckle be-
tween the uprighte; the uprights are compressed. All these de-
formations are considered as infinitely small in the sense of
the conventional assunptions of the strength theory.,

But owing to the irrepular deformations of the spars, the
wrinkles (tension stresses) are now no longer parallel, buf vary
by a finite amount for the individual wrinkles; o as well as
g and - €g now are variable quantities. To this complicated
ceformation attitude We then apply the data of tie preceding
section, pege 15.

A sheet metal mwirder with spars not rigid in bending is
subjeoted to precisely tho szue angle of displacement Y as one
with‘bending resistant spors becouse of the effcct of croas
stresé Q. Apmuming this rngle Y ap giVen, ve proesume il to be

constant rithin the renge of our discussion. ovecover, we con-
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sider the comwpression stress in the wprights as bding known and

equivalent. The uprishts are to'bevfiexibly attaclied to the

spars and be without lateral bending stiffness. Lastly, the di-

mensions of upper ond lower spors are to be such that the clon~

gations €44 ond €x11s caused by the spar stiresses, are constant.

Our problem then shall be to definé the discrepancics between

thesc two ‘different types of spars.

: - In Figure 43 the conter axis of the girder ie denoted by
“ Xm. Axes x5 ond xy orc parallel to xmp; and - h/2 distant

; | than wiere the gpars arc to be. Stresses and deformations are i B

‘ indicatod‘by subscripts o, u, and n.

Jow, first, we assume the intensity and the direction of

the principal tension sirese 0 and its ensuing elongation ¢ ' i

as known; that is, Oy and ¢,. This gives us the derivations of 3

‘o . . o] a
these quantities according to X (namely, d , de ’ do N
4 d xyn” d xp° d xp/

Now" it follows from Figure 44 that d ny = d xp sina.

with 9% - 0, wé'have

0z , _ . o
D.a 1 da ;
dny  seina  d Xn ‘ - (4:7)

The elongation in direction gz at point M, is
5

m '
o€ €
e Yy 8in a + *«\ A Xy COB Q

with equations (SVb) and (47).
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. ot . Q
..QE_. = -..._.]:_,_.. ,..(_:]Te.__. - E_OEE:.- ...g:...... €m (4.-8)
oNp  eind d xy eirfa d x,

Now we know .9€_ and .3Q_ with respect to €n end a thereby
o N GRS

the whole strese and deformation attitude of the diagonal ten-—

sion field (amide from the transverce contraction - cq). In par-

ticular, we are given the etrese and the deformation in 0 and U;

but it must be emphasized that the values of €5, ¢y, etc., cal-

culated for e; . and o at =x, are at

cot a

SECE (49)
7ﬁ cot o

xo ] an +

oy =y

}:U:-_'xm...

il

We designate by Xy, Xo, and Xy the displacements of the

points - originally on axes Xms Xo, and %, - perpendicular to

the direction of these ares, By virtue of the different eilonga—

tlons ¢y, and ¢,y the girder is bent (Fip. 43) at a contin-
gent angle

fxg T Cxp  FREX ety

— i ....._.....‘...L_ bRt - ST, AR SV~

h - dxy® dxg® dxfy
" With Mo aad Ty as the deflections of the mpars between two up-

rights, ieasured from the circular wzrec with above curvature (Fig.

. 43), we have:

‘ ; €y _ ~ €
Q o .(1_}5'.0. T yg ( 50 )
dxp dxg ™0 h , =

Then we define (Sue Figs. 42 und 47) angle ¢, at which the cop—

v necting line OU of the tension diagonal through M is dig-
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‘torted under stress. This angle 1o coused - first, by the de~
fleotion of the wiaole girder (Tig. 43); this part %, amounts to
Xm g;m?’ that is, ¢, = %F( X0 = eXU); second, the other dis—
tortions of point 0 and U produce a distorition d;  in this
connecting line. Hdw; 1t becomes apparent from,Figurem 45 and
150% thaot

€.,

E
~% =D ging =y n+ ﬁ_u.~.-& h cot @ - \ cos a.
gin a

Here Y is the angle of displacement due to tiwe Ccross ntress,
A the elongation of thoe tcns‘on diagonal due to their stresses

c; anl the total dlstorulon becomes

$ o= 9+ % o= - %ﬁ (exb - cXU) -y -
€ + €y .
S o T LRI %’cos o1 (51)
v ax
Thus wo = I -2 (Fig. 43) becones the an;;le of the direc—
Xo ‘

tion of the upper sper av point O after deformation ot the
girder and the diroction of this Spar prior to deformation. Con-

sequently, we have with cquation (46c)

- {aﬁ\ + Y ay

rZO

and, with (50)

€ A T
Eﬂb o, e ,...._.,VM?‘L-.' + 9 @i‘zji

+ .
dxg ~ X i \a Y %

0

*Since the following PQUﬁulon SoT W% was derived 1TUm FL

45 and 45a, respcetively, Ly projecting the neparato nLole

nents on dlrectlon X, the n und X dlﬁpijCA&“t do non OC-
cur, and arc uexefore not specially indicrtod.

e et 1 5 1ot 21, s 7t e st ermttss wsenr e+ 1o, ok — —
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Noting B
- X
Eg_ﬁ__..@ == %— cot a

we insert velue & fron (51) and have:

ary

(u\ .
el xpy GOt & =Y + N cosa - (BB 4y o

Into this equation (82) we write the valuc for Y conformal to

(40a), the value for <g§ according to (44), for Yqo an - %
given in (48a) (ag = a) .so that our final equation (i'ote also ;
(48) and (37a)) roada:- i
an €xn T € ; 
0 oot a S S
d.XO
' 1+ \ 5;
e i) .
T 8 &y cot o m=— 1In ITTE .
. - \
+ B de L1 1 .. (.l_j__r_l_) (53)
2 8in® o dxpy n |1 - I, ar, ‘1 -1, ;
In like waaner, we obtoin:
dny €. T ¢
— e Y _Lo U
Ty Y -~ 3 cota 3 )
1 1L+
. = L)
l2€mootagrll(1_rl/
h  de 1 1 1 1+ 1\ :
4 A Rt RO ln oSNl N 53
& 8in® o dxpy r, Ll + r, 2, <l - (53)
whereby
I 3 ..........h . .g;(}. T e ..13 .(.j:,,.._c.Q.‘.t.;g__. (‘ 5 k
Y EeinPa 3 2 dxy

This gives us the desired comnection betwoen ¢, and & with re-
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spect to x, and the spar deflections. If, in addition, the
elastic lines of the Bpars are given and it is desired to find
the produced diagonal tension field, the two equations above -

{83) and (53a) - together with (49), suffice for computing ¢,

and o with respect to X .
Lastly, if the elastic lines of the gpars are not given

but are to be defined conformal to streeses pyo and pr

(Compare Part I - Technical Hemorandum Fo. 604 - page 23, and.
' €
o 3 P = ine = )
Figure 9, for example, pr = 8 8in® a 0, = 8 sin® a E i—:f;:/
we apply in addition to (53), (53a) and (49) the two differen—

tial equations for the elastic lines of the spars

s 8 sin® o ¢

7-% e n (54a)
\l}{o (1 - r,].) JO

a* 8 sin® a ¢

il I » (54%)
dxy (L +1r,) gy

(Jo, Jy = inertia moments of the spar cross sections; g =
sheet thickness.)
Altogether, we have now 7 equations for Xo» Xy Ty €y,
%, Mg and Thy . | | '
For later purposes, we subtract the twoueQﬁations (52), and

have: L o ) .
d*b df h de 1
dxp N dxy  sim® o dxp 1 - 1°

(53b)

I have not yet carried through the numerical evaluntions




of equations (53) etc,*  Wé have yet to consider the case where

& and ¢y are constant. ' Then ¢ = €m becomes constant in-the
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whole range of the shect; further, é%i =0 andn r, = 0, which,
written in (53) and added becomes: S o
: + ey .
1%y dmp o e Xo T Cxy
§(ﬁ5+a’£ﬁ/~~'}'~p.co‘ba-~h§m+
o+ 2 e_dop;x = conetant (55a,)
When subtracted, .
1 ,dn dﬂU\ _ ' i
2 (dxo T odxy/ T . ' (550) I

~For two linear differential equations of ﬁhe first ofder
we usually apply two limit equations. .But eQuafisns (53) for
Mo and -nU already satisfy one limit equation inasmuch as we
wrote the value for A into (52)'éccbrding to (40a) instead of E
expressing it generally.by: exb, ekU;%-, &, and n,, Ny The |
other limiting condition is expreésed by observing the connec-—
inn (46Q) [or (46d)] and oomplying”With (46a), (46b) at one
plaée. In o case of (55&); (55b) it yieldsf

dn an
-‘-.-..o -+ -—-—-~U = 0
dxp = dxy

*I1f, by given elastic lines of the spars, these deflections o
and 7i; are small enough so that the stress fluctuations

/ . . . . 1 : .
k%ﬁ;\ and the variations in direction of wrinkling (rl) become
m :

/
(infinitely) emall quantities, then m, ‘and n; as well as Oy
and o with reepect to ¥ ey be expressed by Fourior seri.ons
which ingerted in the two equatione (53) yield the indeterminatoe
coefficicntn of tihe series for o and  a.  The result ig She
stress distribution. Eut the matﬁcmatical results wre too con~
plicated to be cited in this report. o -
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Hence, according to (55a), (55b)

d'ﬂo dny ) EXO + €XU :
de = 0; ESC—E = 03 Y = 2 COt 0,<€ - **-‘"-—-8 \
This equation (55c) (Comparp cquation (6), - Part I (Techniocal

Uemorandum Ho. 604, pape 22)) proves tae aocuracy of our state-
ment made at the end of an earller section (Part I, pvage 29),
namely, that o depends on the mean elongation of both spars
only. w

In particular, we want to point'éut that, through (53) and
(55), spars which by the deformation remain straight and paral-
lel, are given constant wrinkling dlrectlon Which in previous

sections we had assumed sg OLV1ous (See Part I pﬂges 18 and 93)

Sheet Metal Girder with Spars not Rigid in Bending;
| Simplifying Assumptions -

Again we- asswne tle ang le of dlsplacemont Y, the-elonga-
tion €xp and €xy ‘oi the .two spars and the elongation €y of
the uprights as given.

Case 1:

What are the results if the dlrectlon of the wriﬂkles is
constlnt (o = constant)? Notlng (37a). (oo = U‘? Op = O)
equdtion (53b) becones: |

dno Cl'nU _ h do
dxg = dxy ¥ sinfo dx g’

‘we integrate with (49)

(55c)
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= ——-———E-—-—-s o— ) -~ = R P — —
"o nU‘- E sin® a (c | GE.")‘ : ' (e e::‘)

Here OF ig the Jnte ratioa constant for O = Og when
-

ﬂo ~ ﬂU = 0. Now we presune that the tension diagonals

trajectories) eﬂdlﬁblng from the ]unctlon points of the lower

spar (*.o., points of dttaohment of the uprights) pasg

throuvh che Junctlon D01nts of the uppor spaxr (Fig. 48) .,

a suburactlon of both cquatnons (54) yields:

4
.S;....<.~n.U e ﬂQ). =8 8in® o € <.~;:.. + —J‘.....\
d x* ‘ ' Jo Jy/

(stre

also

85

Then

Now we insert ¢ of (56), place the source x = 0 in a junction

point and obtain:

A% oL '
_wﬁi?EL:"_Ql (JO QL) 8 8in® a ¢

d x* JU. g~

© 1\ s gin*ta . '
(Jc, YT e (o= o)

This ig the wc]l—“nown dliferential equation of the elag

tic line

of a flexibly supported railroad sleeber, 8O we may oimnit the gen-

eral data, We put the J¢m1t1ng condltlons (as long as

Og & SO (Ny - ng) o

h
M =0 for x =0
an "
% 0 X 0
N =90 " X = %
M =0 0 oy
dx
We denote with 4/ -
s 1 l\ %
P iR St B
Wt o= sina/ <:o 7o) TE

and obtain, for exoample, for maximum defleciion in both spars
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S

- Ny - =. :
Y O)max - N

‘ 9 Wt wt wt . t
8 R [Ipua —— padiid

5 h - sin 5~ Co8' 3 cos —- sin 5
sin® a LWt wt wt wt

81ln =~ CO08 -5 *+ Bin = cos -

2 8 @ == = B ==

If the spars were rigid in bending the sheet would bhe sub—
jected to a constant tension stress o, Whioh, computed from
the crocs stress Q of the sheet metal girder (equation (9)),

amounts to

On account of the deflection in the spars not rigid in bending,
the tension stress is, as shown, uneven, and it bhecomes readily

apparent that the mean tension stress Omean in the sheet would

have to tecome equal to 39 1

h s Bin 5a that, in fact

s

t

o, >/
mean ¥ F 4 0d X =

Q-1
8 8in 2 a

foyRay}

The resolution of (57) vields the stresges o a8 functions of
X, 80 this integral can be evaluated; the maximum tension

stress Qg becomes

o nean
with

Wt + sin
W

O _w t 8L w %
3~E_h 27 ¢o t - co8 w T

mean co
Now the maximum bending moments My in the spar at the vy

;ighﬁ and in the center of the,field can be calculated.
\ '

\ J :

N

1t will be readily seen that part of the sheet metal is not
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stresséd when the'spacing}éf”phé SUPPOT t8 is large with respect
to the spai stiffness and the girder height. ~Individual diag0~
nal ties only are being stressed (Fig. 47a), when |
w t £ 4,710;

in that case the limiting conditions for the differential equa-
tions must be modified. We forego a discussion of these simple,
but-drawn-out oalcﬁldtions, and merely giva the most prominent
data.

Assuming ‘that the wrinkles (stress trajectories) emanating
from the junction points passvthrough'thé-junotion:points of the

upper spar also and the direction of ‘the wrinkles as constant
wt =1t sin a (1 + 1\\*§;
Ju/ 4 h

a) The mean skin stress -

89 _

o :
h s 31nr a

mean =

b) The maximum skln stress -

& mean / nean
’ mean - .
where.-5—- is read from Figure 48. Closely approximated, we
o PP
have- et
c v
o BB -1 for 0Sw t €3,
g
| Opmes 2 -
moean == T for 232wt o,

22 w
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c)l‘The maximnm,bending moment of the spars at the junc-
.tion”points.is

L

13 ©

_ t
MHma,X_ = Q H tan a

C to be taken from Figure 48. Closely approximated, we write

‘ C=1 for 0S5 wt§g3,
C=z2 " S ets

w % _
4) Piece 1, of the spar at which (by relatively low
stiffness inibending) the.pehsion stresses of
the web plate apply (Figs. 47a, 47b): .
o=V ot
¥ taken from Figure 43.
Case 3:

The two differentisl equations of the elastic line of the

Spars are generally written as

d‘mQ __ 80 sirre 8¢ sina
dxg* E Jg - Jo ’
d*ny _ . B 9y sin%a _ 4. 589 sinzaﬁ.
dXUI - E Jy Jy

Now we aésume the'spacing of the uprights to be wide in re—
lation %o ‘the girder height (Fig. 49), so that t >h. Then
quantity ¢ sin® o may be conéidered as being equivalent in
upper and lower spar for related values of xdxand xy. In ap-

proximation we make X0 m‘xU and subtract the two equations:
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gt ('ﬂU"””.o) - 1 1\
: - e . 2 . ;.
T : Su(JO' ) c‘sin a | (59)

The value ¢ sinra is ro constant; MOreover, ¢ and & are af-
fected, according to-equations (4a) and (4b) (part I) for given

Y and €xs Dby the chlange in spar distance (that is, by any

‘change in ey). As a matter of fact, we must insert

X

(ev = elongation of uprights) \
at‘a‘point X fér €y qénformably to the additionsl approach
of both spars due to their deflection between two uprights, vhen
€1 ond oy are the values which (4b) and (4&) yield for v,
€45 and €x Tﬂen a differentiation, adcording té €y produces

from (4a), (4b)

dlesinea) ooy [y 4 cosE | (60)

and (59) becomes

a* (Mg ~ 1) 1, 1 y
de4v Q= g 6—5+ 3’"\ €& 8in® a, -

1 .:2N\d (e sinza) 1 o )
— — 'i" I L =+ — ’n ‘

But thig, aside from tne value of the constants, is precisely
the same differential equation as before and vields the same

solutions when in place of wt, we write

4 / - )
~ (d e sin® a) (L. LN s ‘o
VI t / a ey JO JU YA N b2 )
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'By observing equations (58) end :(60), we have:

yo—

4
(w t) case 2 1 4+ . COS a
(w t) case 1 2 ¢
e~ 1
X A
8in® a

BeCause (ex + ey) is always negative, the numerator of the

1ract10n 1s always less than 1, soc practical cases are approxi-

mated at
(0 t) cnse 3. 1L - ~i.25 (628)
(w t) case 1 sin

¢ being assumed around 40°. Thé data in Figure 48 are there-
fore applicable with the vaiue 'u>t, according to (60), which
does not differ'#eiy mﬁdh Trom % according to (58) to this
case of plate wall with widely spaced uprigzhts.
| Thus far our diser 1esion has centered around approximate

solutlons of equation (a“) with two spécifio assumptions (cases
1 and 3). With respeot to stressed 8kin (i.e. f%%?gs’ case 2
was less favorable because itvyielded a higher uﬁ t, that is,
a higher og/ for the same dimensioﬁsmbf the sheet wall., And,

having been unable to find a more unfavoraple assumption for

Og, my advice is to figure this value approximately at

wt = 1.2 %t gin aﬁ// (JO + JU7h (63)

Wlth reSpect to bending stresses in the spar (i.e., value
C), case. 1 wa.s less favorable, oeoause thie stress decreascs

‘as 0 t increases. But according to my,éalculations it appears
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ag 1f this stress were still higher than that computed for case

1, when the wrinkle, emanatiné from the lower spar at the june- ?}

tion with the upright, neets the upper gpar betweenvtwo uprights. o
Inasmuch as the exact moment of this stress, in hendlnn is

not paramount in correctly constructed sheet net¢1 girders, and

since its effect is secondary in ¢mportance as compared w1th the

allowable resultant stress in bendinw and compr6981on for the

.spars, I deem it best to express the oendlng in the spar simply

- _ A" PR w
by the h;ghegtuppsg%b}e MHmax = y5 (that 16? c = 1).
Exanmnple

Let us check the effeot of the flexibility in bending of
the spars (Fig..BO) on the example of a previous section (Part I,
T.M. No. 6504, page 29):

Q = 8000; h =60cm; t =25ocm 8= 0.1 cm
a = 39.5% sina = 0.646.

To emphasize this effect, we determine the cross—sectional area
at section I (Fig. 50); because here the”épars are still very
weak; the first bey along81de the point of applicatlon of the

cross stress Q, whbre the spars are still weaker is out of

the questlon because it would entail special prov131ons to en~

gure the lateral bending stiffness of the outside vertlcal (Flg
47). According to ecuation (L3c) (Part I), the spar s*resses
are

Ho,y = * ﬁggg*z ~ 0.6 X 8000
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and Hop = + 23005 Hy = - 9800
for x = 37.5, | T

With a - 2000 kg/cm® allowable stress for the 1ower'sbar,
we select, for exanmple, two angle sections 45 x 2.8 mm, whose
total inertia moment is Jy = 10 cm*. For the upper spar, which
is only under 2300 kg tension'at thie point, we choose g cross
sedtion‘at least equivalent by x = O, that is, for 4800 kg
compression (by alternating direction of cross stress Q we
would have to define Fo and Jo in conformity with this other

load case for coumpression stresses). Accordingly, we nay assume

Jo = 7 cme, )
How equation'(SS) vields: o | .
. Y o1
©t = 1,35 x 25 x 0.836 (7 F 5T Es = 198

and Figure 48:
o,

5= =0.92 . ¢ = 0.98.
g .
So, sinoe the maximum tension stress 'Gg in the sheet is
8 per cent higher than the nean stress 'Gmemn the yield limit
18 already reached at an 8 per cent lowcr load. But these stress
differences becone neutralized upon exceedlng the yield limit,
80 the ultimate 1oad of the flexible spars is in no wise altered
by this effect (Sce pape 10 of this report "Exceeding the Yield
Limit"}, '

If we take C¢re to prbvunt a premature excegs of yleld lim~
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it, we can, without incroasing‘the weight, reduce the spacing
of the upright to perhaps 17‘cm. Then, o t = 1,35 Whioh, ac-

cording to ~%£9§ = 0.98 in Figure 48, raises the stress only
2 per cent.

The bending moment in the spar which, with € = 0.98 ig on-
1y 2 per cent lower than %%, can always be figured at

a2 ¥§ (C = 1). 1In the panels farthoi to the right (Fig.

50) the spars are stiffer vet, so that anyacheck at these places

e x

is superfluous.
The relations set up with the simplified assumptions in
this paragraph lead to such simple mathematical data that a cer-

tain degree of inaccuracy may well be taken in the bargain.

Translation by J. Vanier,
National Advisory Committee
for Aeronautics.
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